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GIHKJLNM.OQPSRUTWVXMWY[ZK\]M#^_VX`aVb^cJLNMWV
dfecg[hbM^_iUjlk1MWecmgnL
RUY[kKkAgneX^UoaM+ecMWmpHKMWecmpHKMqAr6saOutuvwP PyxNkzYn{nM|V
}]~WuKnn  MkKecgujloaMYnqzY[l`^XjmY[IecMWVXZK^cV.Y[AgnZK^.^XHKMkAMeXgnecL.Y[qzmMgnuYneXjlgnZzVgCqKqKMWm#^XM|o
gnLNjlqzYu^cjqz{NM^!8($KIY[l{ngCeXj^XHzLNVW6ZK^XjldgCjq^URMWlY`jlqK{9dR_(1ggaoajlqK{1=dRI(?AMqa
MWecYnjl M|o  Z¡EjE(¢9  ¡£($K¤¥¦qkzYne^cjlmZKY[ef§(MUgam#Z1VMgnqN^XHzM¨O|©ZKqzjª^IoajlVX«N{nepY[kKH.LNgaoaMW9¤
¬­®?¯c°!± u²n gnKjllMfYno$HKgam[m#gCqKqKM|m^XM|o$oagnLNjlqzYu^cjqK{VM^W|ZKqKj^oajV«LNgoKM8|YCV`LNka^Xgn^Xjm6eXM|VZzª^pV¤
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VXZKelMWVkAMeXgnecLNYnqzm#M|VfoaM$oajATWeXMWqC^pVYnª
{Cgnecjª^cHKLNMWVfVXZKeflMWVMqzVXML¨KlM_oagnLNjlqzY[q^pVfm#gCqKqKMWm#^XT|V_8($K#CjlqKqKgCqzoKYu^cjgCq.kzY[eRMY[jVZzª^cjd6gnjlq^cV
9dR_#adRI(£Yn{Cgnecjª^cHKLNMWV  Z]M^(¡'j1{CTqKTWecYnjVT8  ¡£(z¤fq]k1Y[eX^Xjm#ZKljMWeqKgCZzVfqzgnZzV
jlq^XTWeXM|VXVXgnqzVIYnZLNgaoaJlMoaZ{nepY[kKHzM$YCMWmoajVZKM$ZKqKj^XT+MWqoajLNMWqzVjlgnq On¤
± | ¯   © =gnKjlM Yno HzgmnUMq1VMWL!KlM¢oagCL
jlqzYnqC^pVmgnqKqzMWm^cTWVWLNgoKJlMwoaZ oajlVZKM=ZKqzjª^cTn
ecTWVXZK^cY[^cVYnVX`LNka^Xgn^XjCZzMWVW¤
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¥¦q-, .vKAO/?§MoaMWVcm#ecjl1MUL.Ynq`Nm#gCqKqKM|m^XM|ooagCL
jlqzY[^XjlqK{!VXM#^zZKj^(eXgCL Zzª^cjkAgnjlq^IRMWlY`¨LNM#^XHzgo
9dR_#¤K¥¦q, 0/£^cHKMecM$jlVIYNoaM|VXmeXjlka^Xjlgnqg[MWqzY[epY[ljl MWo  Z Y[q1o¡'jEY[l{ngnecj^XHKL gneIgCeXjlMq^XM|o{CecYnkKH
^cHzYu^§(M+VjlLNkKj21zM|o]jlq3, s4/£gCeI^XHKM+mgnq^XM\^gnqKgCqgCeXjlMq^XM|o{CecYnkKHzVW¤¥¦q^XHzjlVIqKgn^XM$§(M$YnqzY[l` M^XHKM
kAMeXgnecL.Y[qzmMNg[I^XHKM|VMY[l{ngnecj^XHKL jYY[q1Y[l`C^cjlmWY[fLNgaoaMWlVW¤  M]jlqnM|Vb^cj{Yu^XM
^cHKM]mYCVM.§HzMecM.^XHKM
qzM#^b§(gnec«]jV_YZzqKjª^$oajV«{nepY[kKHgnfoajLNMWqzVjlgnqOn¤  M¨YnVcVXZKLNM+^XHzY[^_^cHKM!qKgaoaM|V_YneXMepY[q1oagnLNl`Y[q1o
ZzqKjªgCeXLNl`]oajVk1Yu^cmpHzMWognq Y[qjq1 qKjª^cMVMW{nLNMq^|¤fGIHKM$ecYCoajg
epY[qK{CMjV+O+Y[qzo]^XHzMoaMqzVXj^b`g[qKgaoaMWV
jV
ν/2
¤fGIHKjVIjLNkKljM|VI^XH1Yu^^XHzMYnMepY[{CMUqKgaoaMoaMW{necMMjlV
ν
¤
¥¦qwkzY[eX^Xjm#ZKY[e§M¨§jl6kKecgunM+^cHzYu^^XHKMNoaMWqzVj^XjlMWVg[(dRmgnqKqzMWm^cjqz{VXM#^cV_^XMWqzo^cgmgnqzV^cYnq^
oKMqzVXjª^cjM|V6§HKMq
ν → ∞
¤GIHzMUoaMqzVXj^b`g['(¨qKgaoaM|V g[A{nMWqKMepY[lj WMWo  Z.¡'jzY[l{ngCeXj^XHKL YnlVXg^XMWqzoKV
^cg!YmgnqzV^cYnqC^f§HzMqVXMlMWm^cjgCqm#ecjª^cMecjZzL jVfzYCVM|o
gnq.¥b¨CKZK^^XMWqzoKVf^XgAM_gn?gCecoKMe √
ν
§HKMWq.^XHKM
meXj^XMWeXjlZKL jV^XHKM
qKgaoaMNoaM{CeXMWMn¤GIHKMWeXMgnecM^XHzjlV$m#gCq1zecL.VU^cHKMNk1ggnekAMeXgnecLNYnqzm#M¨g[{CMqKMWecYnjl M|o
 ZY[qzo¡EjY[l{ngnecj^XHKL)§j^XHoaMW{necMM+m#ecjª^cMecjZzL¤
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GIHzMecM_Y[ecM^b§(g!«jq1oKVfgn'dR©mgnqKqzMWm^cMWooKgnLNjq1Yu^XjlqK{
VM^W^XHKM$VM^gCa^cYnjqKM|oN`¨^cHKM^XepY[qzVXLNjª^X^XMe
jlqwYnq¢dR zggaoajqz{Y[q1o^XHzM¨VXM#^$gna^pY[jlqKMWo`^XHzM
VXk1M|m#j21 m
Y[l{ngnecj^XHKL oaMWVcm#ecjl1M|o=jlq9, v$/8£mWY[lM|o
=dRI(?¤GIHKMgnecL
MWeEHzYCV£^XHzMYnoKYnq^cY[{CM^Xg_MWqzY[zMflMWVcV£^cecYnqzVXL
j^^cMepV?^XH1Y[q+^cHKMfYu^^cMeKZa^§j^XH
^cHKM]oaepY§zYCmp«^XHzY[^^XHzMm#gCqKqKM|m^XM|o oagnLNjlqzYu^cjqK{wVM^!jlV¨VgCZKepm#M.oaMkAMq1oaMq^ 
:;: ^XHzM]m#gCqKqKMWm#^XM|o
oKgnLNjq1Yu^XjlqK{¢VXM#^
uY[ecjM|o §HKMq ^XHKM VgCZKepm#M.g[^cHKMjqKj^XjY[(KecgCYCoKmYCVb^!uYneXjlMWVp¤=¥¦qµYnm#^!^XHzMdR
1ggaoajlqK{NjVIlYCVb^UHKgCkoKMkAMqzoaMWq^W¤
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ν
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ν l
B )
ν → ∞
:
¥ ^HzYCV$1MWMq kKecgunMqwjqm,[.S/ ^XH1Yu^!YqKgaoaM.HzYnVb.dR §HKjmpH Y[ecM¨^cHKMNM#\^XecML.Yn k1gCjq^cV$gnj^cV
mgunMWecYn{nMfjlq^XMecuY[8¤ gCqnMepVXMl`^cHKMqZKL!AMeg[A=dR VMWM|m^cgne6qKMjl{nHAgnepVjlVR.K¤on qzgoKM(AMlgnqz{CV^Xg
^cHKMdR (µjj1j^fHzYnV^XHzMIVXHKgCe^cMWV^¥b jlq¨j^cV6qzMjl{nH1gCeXHzggao£§HKjmpH
gmWm#ZKepV§jª^cH¨kzeXgCzY[Kjlljª^b`
1
ν
zgCe!jljUjª gCqKM+g[ j^cV_=dR VXMlMWm^cgneHzYCV^cHKM!VXHKgneX^XM|Vb^U¥bjq ^cHKMqKMWj{CHAgnecHKggao£K§HKjmpHgammZKecV
§j^XH kKecgn1Y[Kjlj^b` 2
ν
¤fGIHzMWVXM$^b§g
MCMq^cVIAMjlqK{.M#\KmZzVXjlnM^XHKM+kKecgn1Y[Kjlj^XjlMWVVXZKL ¤
p q I6#r(ts vu  #%+6p	-  "
w(`
¥b meXj^XMWeXjlZKL §MYnVcVZKLNMI^cHzYu^IY+qKgaoaMUAMlgnqK{V ^cg+^XHKM+(.§HKMqN^cHKM_qKMWj{CH1gCecV §j^XH]HKj{CHKMe
¥boagnqgx ^gnecL YNm#gCqKqKM|m^XM|omgnLNkAgnqKMWqC^I^cHzYu^_mgunMepV^XHKM+§HzgnlMqzgoKMqzMjl{nH1gCeXHzggao£¤
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ν l
B )
ν → ∞
¥¦q
µYCm^ eXZzM
k
jlVfMZKjlYnMWq^^cg$eXZKlMk.jq.oajlLNMqzVXjlgnqOn¤¥ ^fHzYnV6AMMq.VXHKgu§q
jqi,[.4/K^XH1Yu^ ^XHzMUYnMepY[{CM
qZKL¨1MWeg[(LNML¨1MWecVIjlqYNVMW{nLNMq^g[MWqK{[^cH
x
jVM\aYCm^c`
2x − 1 ¤w(`NoaM{CeXMWMImeXj^XMWeXjlZKL §MUYCVXVXZKLNMI^XHzY[^Y$qKgaoaMUAMlgnqz{CV6^cg$^XHKM($N§HKMWq
^XHKMUqzMjl{nH1gCecV6§j^XH
Hzj{CHKMeIoaM{CeXMWM_oagCqgx ^(gnecLY!mgnqKqzMWm^cMWom#gnLNkAgnqKMWq^^XH1Yu^m#gunMWecVf^XHKM§HKgCMqKgaoaMqzMjl{nH1gCeXHzggao£¤
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8πν l
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ν → ∞
:
¡'M#^
N(x)
AM^cHKM(qZzL!AMeg[KqKMWj{CHAgneg[zY_qKgaoaMIYu^lgamY[^Xjlgnq
x
gnq+^cHKMIVMW{nLNMq^L.YnkE¤¡'M#^
I([a, b])AM^XHKMqZKL!AMegn'qKgaoaM|V(mgnq^cYnjqzMWo`.jlq^XMecuY[
[a, b]
¤ GIHKMWeXMgnecM
N(x) = I([x− 1, x + 1]) ¤f¡EM#^
∆(x) = N(x) − N(0) ¤  M+qKMWMWo]^XHKM$gClgu§jqz{
lMLNL.Y
­   3> $
x ∈ [−1, 0]
$ 
y ∈ [0, 1] ∆(x)
$ 
∆(y)

 HTCY) ")Y	ZW
"E)2):
dfecgg[bU¥ 
x ∈ [0, 1]
A^XHKMWq¢§(M¨HzYCM
∆(x) = I([−1,−1 + x]) − I([1, 1 + x])
¤+¥ 
x ∈ [−1, 0]^cHKMq
∆(x) = I([−1 + x,−1])− I([1 + x, 1])
¤jlqzmM_^cHKMjlq^XMWeXuY[V(oagnqgx ^guCMeclYnkN^XHKMWq
∆(x)
Y[qzo
∆(y)
YneXMjq1oaMkAMqzoKMq^_§HKMWq
x
Ynqzo
y
HzYnM+oaj?MecMq^UVjl{nqzVW¤
¡'M#^
Rr
1M^XHzM$YnzVXgnlZa^XMYnZzMgn£^XHKM 1zepVb^
x ∈ [0, 1] VZ1mpH^XH1Yu^ ∆(x) > 0  ∀t ∈ [0, x]∆(x) ≤
0
¤ ¡EM#^
Rl
AMw^XHKM Y[zVXgnlZa^XM¢YnZzM¢kAgCVXjª^cjgCq g[+^cHKM 1zepV^
y ∈ [−1, 0] VXZzmpH ^XH1Yu^ ∆(x) > 0 ∀t ∈ [y, 0]∆(x) ≤ 0 ¤  M]«qKgu§ ^XH1Yu^ Rr
Y[qzo
Rl
YneXMjlqzoaMWk1MWqzoaMWqC^|¤ n qKgaoaM]Yu^
k1gVj^Xjlgnq
AMlgnqz{CV(^Xg
^cHKM¨(j
Rr + Rl > 1
­   -\  )	
x ∈ [0, 1]
	 B FCHE"E)

	
P (x)
Y B 	 B 	
Rr = x
B Sz_C "%	$ #
∫
∞
0
P (x)e−ωxdx =
2 + 2ων +
√
(2 + 2ων )
2 − 4
2
iYjqK{
∆(t) ≤ 0 gCeIYn t ∈ [0, x] jVIMZKjluY[lMq^^cHzYu^UYnq[OV`aV^XMWL§jª^cHVXMecjlmMepYu^cMYnqzoYneXecjlYnKepYu^XMM ZzY[z^Xg ν
2
Vb^pY[eX^cV §j^XHgCqKM_mZzVb^cgnLNMeY[qzo.oagM|VfqKgn^MLNka^b`
j^cV CZzMZKM_oKZKeXjlqK{!Y^cjLNM
jlq^XMWeXuY[ gnlMqK{n^XH
x
¤¡'M#^
f(ω)
AMN^XHKM¡Y[kKYnmM!^cecYnqzVbgCeXL gn^cHKM.oajVb^ceXjlKZa^cjgCq gn^cHKMN^XjlLNMG
qzMMWoKMWo^cgMWLNka^b` ^XHKM ZKMZzM
f(ω) = E[e−ωT ]
¤¡'M#^
θ
AM!^cHKM
^XjlLNM¨qKMWMWoaM|o=gCe_^cHKM
M#\ajª^+gnf^XHKM
1 ecV^Um#ZzV^XgCL
MWeWa§(M$HzYnMecgnL mlYCVXVXjm ZKMWZKMjlqK{
^XHKMWgnec`?
T = θ + Nθ × T
O|
§HzMecM
Nθ
jV.Y d6gnjVXVXgnq epY[q1oagnL uY[ecjY[KlMgnLNMWYnq
θ
Y[q1o
N × T
LNMWYnqzV¨^XHKM=YCoKoaj^Xjlgnq g[
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√
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